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The time evolution of the cluster-mass distribution (CMD) during colloidal aggrega-
tion can be modeled using population balance equations, given that the matrix of the
aggregation rate constant (kernel) is known. Although numerous aggregation kernels
have been proposed, their validity is still a major open problem, particularly when the
role of the internal structure of the aggregates is referred to. A procedure is presented for
the discrimination among possible kernel expressions including the structure effect. For
aggregation processes in the submicron range, information about size and structure of
aggregates can be obtained by dynamic and static light-scattering measurements, for
example, in terms of the average hydrodynamic (R,,) and gyration (R,) radii. These
quantities can also be calculated from the cluster-mass distribution when accounting for
the aggregate structure by the fractal concept and for the angular and rotational diffu-
sion dependence of R,,. Since R;, and R, represent different averages of the CMD, their
simultaneous fitting is a severe test for a given kernel due to its inclusion of information
on the average and width of the distribution. This procedure allows differentiation among
several types of kernels proposed in the literature for DLCA and RLCA based on their
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ability to describe experimental data.

Introduction

Processing of colloidal suspensions, such as polymeric la-
texes, inorganic oxides, or complex biological systems, is an
important step in the production of particulate materials for
numerous technological applications. Such materials often
need to be prepared in the form of powders or slurries in
order to undergo further processing, such as extrusion, mold-
ing, casting, or coating. The application properties of the
powders or slurries can be controlled through the aggrega-
tion processing step, wherein the primary particles, typically
smaller than 100 nm, are arranged into aggregates with sizes
ranging from a few microns up to a few millimeters. The
structure, shape, and mechanical properties of the aggregates
impact greatly the quality of the final powder and slurry, and
are determined to a considerable extent by the processing
conditions, which include the shear field, the solid volume
fraction, and the amount of destabilizer added. Aggregates of
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solid primary particles are typically random, open structures,
that can be characterized by a scaling relationship between
their mass and size using the concept of fractal dimension
(Forrest and Witten, 1979; Witten and Sander, 1981). It is
important to monitor, predict, and control the mass and
structure of the aggregates as they evolve in time during their
processing. The final cluster-mass distribution (CMD) and
particle-size distribution (PSD), which obviously depend cru-
cially on the processing conditions, are in fact the key proper-
ties that determine the product quality.

To understand and to control the aggregate structure and
the resulting CMD as desired for a specific application, it is
necessary to develop quantitative models describing the ag-
gregation under various processing conditions. The basic
framework for such models are the population-balance (PB)
equations (Ramkrishna, 2000). The important input into PB
is the aggregation rate constant matrix (kernel), which de-
pends on the operating conditions and various physicochemi-
cal characteristics of the aggregating dispersion. In general,
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for stagnant systems of dispersed charged particles, the ag-
gregation efficiency is determined by Van der Waals attrac-
tive and electrostatic repulsive interactions. The presence of
shear can significantly enhance the aggregation rate through
an increased aggregation frequency. In the case of spherical
particles, it is possible to evaluate an aggregation rate con-
stant or kernel that accounts for all such effects (c.f. Melis et
al. (1999)). However, the situation becomes more complex
when we consider random aggregates constituted of primary
particles, and, therefore, characterized by a certain internal
structure. Kernels for cluster aggregation under shear have
been developed (Flesch et al., 1999; Kusters et al., 1997; Tor-
res et al., 1991; Chung et al., 1998), but generally valid ex-
pressions have not been developed and rigorously tested yet.
Although it is well recognized that the aggregation efficiency
increases with aggregate mass, the detailed form of this de-
pendence as well as the role of the internal aggregate struc-
ture remains an open question. Although in fact several types
of kernels have been proposed in the literature, a systematic
comparison of the corresponding CMD obtained by solving
the PBE, with an appropriate experimental characterization
of the CMD, is still missing. We intend to contribute to this
analysis, focusing on quiescent colloidal systems both in the
diffusion-limited (DLCA) and reaction-limited cluster aggre-
gation (RLCA) regime.

The analysis of the structure and size of aggregates relies
primarily on static and dynamic light-scattering techniques
(Sorensen, 2000; Lin et al., 1990b,c), whose measurables are
complex functions of the CMD. In principle, one could esti-
mate the aggregation rate constants by starting from such
measurements and solving the inverse problem in PB
(Ramkrishna, 2000). However, the inverse problem approach
requires quite reliable measurements of the entire CMD,
which are quite unlikely to be accessible for aggregates in the
submicron-size range.

Given this, the aim of this article is twofold: first we con-
nect the framework of PB to the light-scattering theory in
order to calculate the measurable quantities in the submi-
cron-size range from the CMD obtained from PB. These
quantities are the average hydrodynamic radius [R,, mea-
sured by dynamic light-scattering (DLS)], and the average ra-
dius of gyration [R,, measured by static light-scattering
(SLS)], each one representing a different noninteger moment
of the CMD. Second, we develop a procedure to distinguish
between the functional forms of the aggregation kernels,
based on the available experimental information about the
CMD, namely, R, and R, in the submicron range. By solving
the PB for the various kernels suggested in the literature, we
demonstrate that using data on the evolution of both R, and
R, compared to using just one of them, allows a significantly
improved discrimination among different kernels, since by
considering two different averages of the distribution we ac-
tually include information about the distribution width and
shape. The discrimination procedure is illustrated for the
DLCA and RLCA regimes in quiescent liquids, where unsuit-
able aggregation kernels can be excluded by comparing calcu-
lation results to experimental data on both R, and R,.

The article is organized as follows: in the following section
we discuss the solution of PB and develop the connection
between PB and light scattering. In the third section the ag-
gregation rate constants (kernels) for the DLCA and RLCA
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regimes are introduced. Experimental results are shown in
the fourth section, and we then present and discuss modeling
results in the fifth section. We end with conclusions.

Aggregation Kinetics in Colloidal Systems
Population-balance equation

Population balances (PB) are general conservation laws ap-
plicable to a variety of particulate systems (Ramkrishna,
2000). Aggregation in homogeneously mixed colloidal disper-
sions can conveniently be described by PB, where we use mass
as an internal coordinate for representing aggregates under-
going birth and death events. These events lead to the forma-
tion and disappearance of aggregates of mass m, and indicat-
ing with f,(m,t) the first-order product density function of
aggregates of mass m at time ¢, we obtain the following form
of the population balance

af(m,it) 1 m
1(;:1 i =Ej(; K(m—m',m') fi(m—m't)f(m't) dm

= [ K ) fi(m.0) (1) it (1)

where the two terms on the righthand side represent the rate
of birth and death of units of mass m per unit volume, re-
spectively. The first one represents the production of aggre-
gates of mass m by aggregation of two smaller aggregates of
mass m —m’' and m’, while the second considers the loss of
particles of mass m due to aggregation with any other aggre-
gate of mass m'. The aggregation frequency function K(m,m’)
accounts for two physical factors, which constitute the aggre-
gation process: the collision frequency between two particles,
and the corresponding sticking efficiency.

The validity of the PB in the form of Eq. 1 relies on several
assumptions. In particular, in concentrated systems it can be
expected that more than two particles undergo aggregation
simultaneously and that the presence of the surrounding par-
ticles influences the two aggregating ones. On the other hand,
in Eq. 1 only binary aggregation events are considered and
the pair probability function f,(m,m’,t), which accounts for
the probability of finding two particles undergoing aggrega-
tion at the same spatial location in the time interval, Az, is
computed by assuming an independent probability of finding
each of the two involved aggregates in the system, that is,
folm,m’ ) = fi(m’,t) f,(m,¢t). This assumption is known as the
closure hypothesis and has been discussed in the literature
(Ramkrishna et al., 1976).

At the other extreme of diluted systems, where the popula-
tion is constituted by only a few particles, it has been shown
(Sampson and Ramkrishna, 1985) that the PB (Eq. 1) fails
and single statistical events become important. This is due
to the fact that in diluted systems the few particles present
are correlated, meaning that the relation f,(m,m’,t) =
fi(m ;) f(m,t) fails and higher-order product density func-

tions f,(m,m',t), fs(m,m',m" 1), ..., fy(mm’,m", ..., m" 1)
have to be used in addition to the first-order functions used
in Eq. 1.

No attempt is made in the following to a priori determine
the upper and lower concentration bounds, where the aggre-
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gation PB in the form of Eq. 1 is accurate. This would not be
a straightforward task, and, therefore, we ultimately rely on
the comparison with experimental data.

Numerical solution and reconstruction of the CMD

The description of aggregation phenomena in the frame-
work of population balances requires the coverage of several
orders of magnitude in aggregate size. Primary particles in
colloidal dispersions usually are in the size range of 5-500
nm. Aggregation of these particles frequently results in clus-
ters up to the size of 300 um. Under certain operating condi-
tions the formation of coagulum can occur, the radius of which
can attain values up to 1-100 mm. Accordingly, in order to
describe the evolution of the CMD over the whole range of
particle and aggregate sizes, in particular cases up to 13 or-
ders of magnitude using mass as an internal coordinate, have
to be covered. Obviously, a simple linear discretization tech-
nique would result in a number of coupled ODEs not solv-
able in reasonable computer time. Thus, the application of a
geometric or other expanding grids for the representation of
particle sizes is indispensable for computational efficiency. In
particular, the discretization method recently developed by
Kumar and Ramkrishna (1996) (subsequently referred to as
the KR method) has been adopted in this work.

According to the KR method, the entire size range of in-
terest is discretized into intervals, and the particles and ag-
gregates inside each interval are assigned to the boundaries
(pivots) of the intervals themselves. This means that a cluster
with mass m in the size range {m,,m,_} is split by two as-
signing fractions g(m,m,) and h(m,m,, ;) to the pivot popu-
lations at m,; and m, ;, respectively. By properly selecting
such assigning functions, it is possible to conserve two gen-
eral properties, usually two moments, of the original distribu-
tion. The detailed description of the method is provided in
the original article (Kumar and Ramkrishna, 1996). Vanni
(2000) recently tested various discretization techniques, in-
cluding the KR method, in terms of accuracy, ability to pro-
duce error estimates, ease of implementation, and computa-
tional speed, and concluded that the KR method is the most
versatile and accurate one among those tested.

One important aspect that is often neglected is the recon-
struction of the continuous distribution from the discretized
one obtained from the numerical method (Butte et al., 2002).
To illustrate this point we consider the PBE (Eq. 1) with a
constant aggregation kernel, that is, K(m,m') = K 5, for which
an analytical solution exists

Ni(1) = No(KpNot)' ' (1+ Ky Not) ™™ (2)

where N, denotes the number of clusters of a certain dimen-
sionless mass i =m;/m,, where m; is the mass of a cluster
with i primary particles and m, is the primary particle mass.
In Figure la the discretized solution obtained with the KR
method is compared with the corresponding values obtained
using the analytical solution (Eq. 2). Note that these latter
values are obtained by considering each one of the intervals
Am=m,;,— m, defined by the KR method and summing
up the numbers of aggregates having mass m; lying between
m, and m, ;. It is seen that the obtained values are in satis-

1544

June 2003 Vol. 49, No. 6

—
o

number density / 1/m3

10? 10 10° 10°
dimensionless aaareaate mass / —
10"
(')E ¢ o o0 000
> 5
=10
=
[7]
[
[
kel
[0}
B.10
E 10 [
2
(b)
10° 10 10° 10

dimensionless aaareqate mass / —

Figure 1. Comparison between the analytical (Eq. 2) and
the numerical KR solution for Eq. 1 with the
constant kernel K(m,m’') = Kg.

(a) Discretized analytical solution (X), KR numerical solu-
tion (solid line); (b) continuous analytical solution (X ), and
reconstructed numerical KR solution (solid line). The geo-
metric grid factor is F =1.07; the number of grid points is
300.

factory agreement, thus indicating that the numerical KR
method provides reliable results. The next point is to recon-
struct from the discretized results in Figure la the complete
solution, that is, the continuous solution given by Eq. 2. This
is done by assuming an N, constant in each discretization
interval. The obtained results are compared in Figure 1b, and
again the agreement is satisfactory, thus indicating that, al-
though very simple, this reconstruction procedure provides
reliable results, at least in the case under examination. It
should be noted, however, that the distributions in Figures la
and 1b are significantly different, as they in fact should be,
since they represent different quantities. Care must therefore
be taken in considering numerical solutions before and after
reconstruction.

For the computations reported in this work we apply a ge-
ometric grid factor F =m,__,/m; =1.07 and a number of M
=300 grid points, resulting in an upper bound of the grid
equal to m,,/m, = 6 X 10%. The computation time for the pre-
ceding runs on an HP-3000 Unix workstation are 3 min for a
simulated time of 1,000 min.

Another relevant point in computing CMDs numerically is
that the size range for the problem on hand has to be speci-
fied a priori by an upper and a lower bound, here conve-
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niently denoted in terms of aggregate mass m; and m,,,
where M denotes the number of pivots in the discretized in-
terval of aggregate mass. It should be noted that if the aggre-
gates grow to such an extent that they reach the upper bound,
and this is allowed to undergo further aggregation, the gener-
ated aggregates would be lost, since they would exit the dis-
cretized size range and consequently the mass of the dis-
persed phase would not be conserved. To avoid this, we have
to close the boundary by a collective pivot (that is, the largest
size m,,), which includes all aggregates larger than m,, and
is excluded from the aggregation process. By properly apply-
ing this closure procedure, it is possible to satisfy the mass
balance, which is particularly useful when dealing with sys-
tems that can produce aggregates of a very large size, as in
the case of polymer or colloidal gelation (Butte et al., 2002;
Krall and Weitz, 1998). However, in all computations shown
in this work this situation does not occur and the last pivot
always contains a negligible mass.

Relevant characteristics of aggregate populations

In many applications one is interested in the size of the
aggregates, expressed in terms of volume or radius. Since the
PBE just discussed provides a CMD, the question arises as to
how the mass of an aggregate can be related to its size. In the
case of coalescing particles this is straightforward, since the
spherical shape is conserved upon aggregation. In the case of
aggregates constituted of primary particles that rigidly adhere
at their surface contacting points, we obtain randomly shaped
aggregates that are usually described through the fractal scal-
ing relation (Sorensen, 2000)

m; Rgi 4
i=—=kg(—’) 3)

where df is the fractal dimension, m; and a denote the mass
and radius of a primary particle, while m; and R,; those of
an aggregate. The prefactor k, is a constant of the order of
unity (Sorensen and Roberts, 1997). The radius of gyration
R,; in Eq. 3 is connected to the hydrodynamic radius, R ;,
by a factor B, typically of the order of one, depending on the

fractal dimension, d, (Lin et al., 1990b,c; Wiltzius, 1987)
B @

Having set the fractal dimension value, Eqs. 3 and 4 provide
the average aggregate radii R, ; and R, ; as a function of the
corresponding mass, ;.

In selecting a quantity to define the size of an aggregate, it
is convenient to adhere to quantities that can be measured
experimentally. The accessible average size of the aggregate
population is the radius of gyration ((R;)), when using static
light scattering (SLS), and the mean hydrodynamic radius
({R}, cs7), when using dynamic light scattering (DLS). In or-
der to compare these experimental values with the cluster-
mass distribution, N, obtained from Eq. 1, we need to relate
the averages (R;) and (R, ;) of the entire CMD to the
corresponding radii of the individual aggregates of mass i,
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given by R, ; and R, ;. In the case of the radius of gyration,
which relates to the mass distribution inside the aggregate,
such a relation is simply given by (Pusey et al., 1987)

M=

P*N.RS;
i=1
ROy ="—5—— )
L i*N,

i=1

In the case of the hydrodynamic radius, which actually re-
flects the mobility of the aggregate, the corresponding rela-
tion is more complex, since it has to account for the effect of
the measurement angle, the wavelength of light, and the
medium refractive index (Lin et al., 1990b,c; Pusey et al., 1987)

Mx

i’N:Si(q)
1

<Rh,eff>= Ml

Z izA]iSi(q)R;,},eff
i=1

(6)

where S,(q) represents the structure factor of the aggregates
of mass i and R, . denotes the effective hydrodynamic ra-
dius including the effect of rotational diffusion. Among the
various possibilities for computing the structure factors
(Sorensen and Wang, 1999) we have chosen the Fisher—Bur-
ford relation not only for its simplicity but also because it has
been shown to be quite accurate for aggregates having fractal
dimensions equal to about 2 (Sorensen, 2000). This is given
by

—dg2

2 2
Si(q):[1+3_df(ng,i) @)

where g denotes the scattering wave vector, given by the re-

lation
4mn (6 g
q= X sm(a) (®)

where 7 is the refractive index of the liquid medium, A is the
wavelength of the used light, and 6 is the scattering angle.
The effective hydrodynamic radius of a single aggregate, in-
cluding the influence of rotational diffusion, can be ex-
pressed as (Lindsay et al., 1988)

R, 1
b [1+

©)

39 In S;(q)
+ —_— —_—
Ry, et 282

2
a(ng,i)
Substituting the expressions of the aggregates’ gyration and

hydrodynamic radii, R,; and R, ;, given by Eqs. 3 and 4 into
Egs. 5 and 6, we obtain the following expressions

M
kg_z/dfaz Z N,-iziz/‘lf
(RY) = M’:l (10
¥ N2

i=1
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<Rh,eff>

an

which allow us to compute the experimentally accessible radii,
(Ré) and (R, .7, from the CMD, obtained by solving the
PBE (Eq. 1). Note that Egs. 10 and 11 apply once the fractal
nature of the aggregates formed during aggregation is estab-
lished, and, thus, they do not reproduce the initial stages of
aggregation, when mainly dimers and trimers are present. It
is worth noting that the gyration and hydrodynamic radii rep-
resent different noninteger moments of the CMD, and,
therefore, provide information not only on the average value
but also on the polydispersity of the CMD. Accordingly, com-
paring calculated with experimental values of both (R;) and
(R, .7 is a challenging test for the reliability of an aggrega-
tion kernel, and, therefore, provides the possibility of dis-
criminating among different kernels with respect to various
aggregation conditions.

In order to compute (R;) and (R,, .;+) from the preceding
equations we need to know the fractal dimension, d,. In
principle this quantity is also measurable (Lin et al., 1990b,c),
although it is exposed to some uncertainty in the early stages
of aggregation, and anyway it is difficult to measure in more
concentrated systems (Lattuada et al., 2001; Lach-Hab et al.,
1998). This point will be investigated later, where we examine
the dependence of (R;) and (R, ;> on the fractal dimen-
sion.

Forms of the Aggregation Kernel

In this section we discuss kernel equations for DLCA and
RLCA that have been presented earlier in the literature. Note
that the influence of gravitational forces on the initially sta-
ble colloidal dispersions becomes important when aggregates
reach sizes of approximately 1 um, depending on particle
density. The direct application of settling kernels to the PBE
is not feasible in the context of Eq. 1, since one should intro-
duce an additional external coordinate in the vertical direc-
tion to account for the disappearance of settled aggregates
(Perigault et al., 2000). Therefore, in the following we neglect
the influence of gravitational settling and do not elaborate
this issue any further. We should also point out that internal
restructuring of clusters is not considered in this work. Inter-
nal restructuring of aggregates changing the fractal dimen-
sion of the clusters during aggregation can be caused mainly
by two mechanisms. The first occurs during reversible aggre-
gation, where the interaction forces between the particles are
so weak (of the order of few kzT) that thermal fluctuations
can take the structure apart. This is not the case in the sys-
tems under consideration, where the aggregates are relatively
strong, being that the interparticle attraction forces are suffi-
ciently large. The second mechanism could occur in irre-
versible aggregation, when the aggregates are susceptible to
restructering by shear forces. Since no shear forces are pres-
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ent here, we also can exclude this restructuring mechanism,
in accordance with Lin et al. (1990a).

DLCA-kernel

In the diffusion-limited aggregation regime every collision
between aggregates or primary particles is successful. The first
and basic aggregation kernel for DLCA was derived by von
Smoluchowski (1917), accounting for the diffusive mobility
(D, + D) and the collision cross section (R; + R;) of aggre-
gates. The diffusion coefficient D can be related to the ra-
dius of an equivalent sphere by the Stokes—Einstein relation
(D, = kyzT/67ma). Using these relations and neglecting the
size dependence of the aggregation rate by assuming equal-
sized particles, one obtains the constant aggregation kernel

8kyT
B~ 37]

(12)

To incorporate aggregate structure using the fractal concept,
the aggregate size is assumed to scale with its mass according
to Eq. 3. An equivalent scaling is assumed for the diffusion
coefficient (Jullien, 1992), given by ,/D, = (i)"Y, From
these relations, we obtain

K;;=KgB;; with

1
By (i V() (1)

where B,; is the matrix representing the collision cross sec-
tion and the mobility of the two colliding aggregates. This
kernel has been found to properly describe experimental data
in DLCA (Odriozola et al., 1999).

RLCA-kernel

In reaction-limited aggregation only a fraction of collisions
is successful in forming a new aggregate, due to the incom-
plete screening of the repulsive forces between particles.
Considering primary particles, the reduced sticking efficiency
due to repulsive forces and hydrodynamic interactions can be
expressed by the Fuchs stability ratio (Melis et al., 1999)

- exp(V/k,yT)

W= ZaLa—G(r)rz dr (14)

where G(r) accounts for squeezing of the fluid between two
approaching primary particles, r is the center to center dis-
tance, and V is the particle interaction potential. This ex-
pression of the stability ratio applies only for primary parti-
cles and not for aggregates, which are composed of many pri-
mary particles. It has, in fact, been verified experimentally,
that the reactivity of aggregates increases with their mass (Lin
et al.,, 1990c; Broide and Cohen, 1990), and, therefore, an
additional factor P;; has been introduced in Eq. 13, leading
to the following general RLCA kernel

Kij=KBW’lBl-jPij (15)
Let us review in the following the various RLCA kernels re-
ported in the literature and recast them in the form intro-
duced earlier.
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Using theoretical scaling arguments, Ball et al. (1987) con-
cluded that the efficiency of aggregation is determined by the
larger of the two aggregating clusters through a power A.
This parameter accounts for the increased aggregation effi-
ciency of larger clusters due to a larger number of contact
possibilities on their surface, and it has been shown to be in
the range A €[1, 1.1]. The resulting kernel can be written in
terms of F;; in Eq. 15 as follows

P=k A
k = max{i,j} (16)

Note that in this special case, according to the original work
(Ball et al., 1987), the matrix B;; is not used, that is, it is
replaced by the identity matrix in Eq. 15. For the rest of the
following expressions of P;;, Eq. 13 has been used for the
matrix B;; in Eq. 15.

Other authors (Family et al., 1985) used the product ker-
nel, given by

pj= (lj)A (17)

to simulate the CMD by a Monte Carlo technique in the
RLCA regime. They compared the obtained results with those
given by the dynamic scaling theory, where the CMD ob-
tained by Monte Carlo simulations is represented by a dy-
namic scaling form. Relating these results to the Smolu-
chowski equation and using Eq. 17, they found a nontrivial
behavior. In a study using the stochastic simulation method
(Thorn and Seesselberg, 1994) and comparing the results to
dynamic scaling theory as well as to experimental data (Broide
and Cohen, 1990), several values of A have been tested. There
it has been pointed out that the asymptotic expressions of the
dynamic scaling theory might not provide the exponent A
sufficiently accurately. In RLCA experiments using silica
(Axford, 1997), it has been found that the value of A can vary
in the range [0.36, 0.495], depending upon the solution ionic
strength. These two studies suggest that, although the param-
eter A determines how fast the reactivity of clusters grows
with size, and, therefore, strongly affects the resulting CMD,
its proper evaluation remains an open issue.

Schmitt et al. (2000) proposed relating the reactivity of a
fractal aggregate in the DLCA regime to the number of pri-
mary particles located in its outer shell. Applying this idea to
RLCA, we first compute the number of primary particles in
the shell of an aggregate with a thickness equal to the diame-
ter of a primary particle. The number of particles is calcu-
lated by substracting the number of particles in the core of
the aggregate (without the shell) from the number of parti-
cles in the whole aggregate, using in both cases the fractal
scaling relation i =k (R g/a)"f (Schmitt et al., 2000). We find
that the number of primary particles in an aggregate of mass
i is given by P,=i—(i¥¥s —1)%. Consequently, the aggrega-
tion efficiency of two aggregates i and j is given by

py=rE=[i-@ -0 ][i- (-] as)

In order to investigate the scaling behavior of P;, let us ex-
pand the equation in a Taylor series. First we rewrite P; in
the form P,=i{l—(1—(1/i)¥)¥}. Expanding the second

AIChE Journal

June 2003 Vol. 49, No. 6

factor in a Taylor series for (1/i) — 0, we get that as i >,
P, — ()“r=Y4 which is identical to the product kernel (Eq.
17) with an exponent A ~(d; —1)/d; of the order of 0.5.

Another kernel previously used to model RLCA (Weitz and
Lin, 1986; von Schulthess et al., 1980) is the sum kernel. Such
a kernel can be derived by extending the concept of the sta-
bility ratio (Eq. 14), originally applied to the interaction po-
tentials between primary particles, to the interaction poten-
tials between aggregates. The stability ratio in Eq. 14 for
strong repulsive interaction potentials in the RLCA limit can
be approximated as W = k exp(V,,,./kzT) (Reerink and
Overbeek, 1954), where k is a function of primary particle
size and V. is the maximum potential at the distance r,,
between centers of two approaching particles. Now let us also
apply the stability ratio in Eq. 14 to aggregates with radii R;
and R; and use the same V,,,, and ry,,, as for primary parti-
cles, since these are the contact points between aggregates.
Furthermore, we assume a vanishing influence of G(r,1) for
larger aggregates and fold k into W. Then the stability ratio
for two aggregates W; can be expressed as follows

VVi/ = (RL + Rj)exp(Vmax/kBT)/rr%ax

_ (R; + R;)exp(Vpa/KT)
(R;+R;+ sm.‘,x)2

(19)

where we substitute the maximum distance r,,,, by (R; + R;
+ S.), the sum of the radii of the clusters, and the distance
Smax Of the maximum interaction energy between two ap-
proaching aggregates. Since s,,,, is very small compared to
the aggregate size R;, we can simplify Eq. 19 (R; + R; + 5,
~ R; + R)). Then by using Eq. 3 we can rewrite it in terms of
Eq. 15 as W;; = W/P,;, where

ij>
1 Ad,
By =5 (Y + 1) (20)

so that the aggregation efficiency is proportional to the sum
of the aggregate sizes.

It is worth noting that, since DLCA represents the upper
limit of the cluster aggregation rate (Family et al., 1985), for
all kernels we empirically correct the matrix F;; by restricting
its values to the range Pi]. €[1; W1]. This corresponds to the
experimentally observed transition from RLCA to DLCA,
which occurs as the aggregate size increases in time (Lin et
al., 1990c; Cametti et al., 1989).3

Odriozola et al. (2001) recently proposed an extension of
the product kernel that accounts intrinsically for the RLCA
to DLCA transition mentioned earlier. Rewritten in terms of
Eq. 15, this kernel is given by

P — 97“11(1.].))t
N [1 "‘I’V_l(i)ﬁcn(ij))t _1)]

€2))

It can be seen that as the aggregate masses increase from
very low to very large values, the preceding expression pre-
dicts a smooth transition of the value of W™ 'P, ; from the
RLCA limit W~'91,,(i))*, that is, the product kernel, to the
value of one predicted for the DLCA regime by Eq. 13. Note
that 91,;; has been estimated by Odriozola et al. to have the

1547



value 6.1. When comparing the stability ratio used herein to
the one used for different kernels, the apparent W~! has to
be corrected by the factor 9T,;.

Experimental Results

In this section we introduce our own experimental data as
well as others taken from the literature on aggregation in the
DLCA and RLCA regime. These data have been selected in
order to provide evidence for the behavior of both gyration
and hydrodynamic radii and to allow discrimination among
different kernels.

First we briefly discuss the experimental measurement of
(R} and (R, ¢, which for brevity we refer in the following
as R, and R, respectively. In a static light-scattering experi-
ment the time-averaged scattered intensity, I, is measured as
a function of the scattering angle, and, therefore, of the scat-
tering wave vector, ¢, in a typical angular range of 10° to
150°. The average structure factor S(g) of all aggregates is
defined as S(q)P(q) = I(g)/1(0), where P(q) is the form fac-
tor of primary particles (Kerker, 1969). From the reciprocal
of the product S(g)P(q) measured experimentally we can es-
timate directly the average R, using the Zimm-plot (Higgins
and Benoit, 1994): 1/[5(q)P(¢)]=1+(1/3)g’R;. The aver-
age hydrodynamic radius R, is obtained from a dynamic
light-scattering experiment at a particular scattering angle, in
which the intensity-weighted time-averaged autocorrelation

function is measured. From this function the dynamic struc-
ture factor is calculated using the Siegert relation (Lin et al.,
1990b,c; Pusey and van Megen, 1989), which is then fitted to
estimate the effective diffusion coefficient of the aggregates.
From this last quantity the average effective hydrodynamic
radius R, is then computed using the Stokes—Einstein rela-
tion.

Figure 2a shows as a function of time the radii, R, and
R, of the aggregates formed from TiO, aerosols with a mean
radius of 35 nm (Wang and Sorensen, 1999). In the original
work a fractal dimension of df=1.75 has been measured,
suggesting a DLCA-type regime. As can be seen in Figure 2b,
the ratio R /R, remains substantially constant in time, sug-
gesting an underlying CMD that does not change its shape
during aggregation. In Figure 2c are shown R, data for the
silica system (Lin et al., 1990c), which exhibit the exponential
growth typical of the RLCA regime. In this case, the primary
particles had size a = 3.5 nm and concentration ¢ =1x10"3,
corresponding to very dilute conditions.

The data shown in Figures 3a and 3b have been obtained
in this work using latexes of MFA (Ausimont SpA, Italy),
produced by emulsion copolymerization of tetrafluoroethy-
lene and perfluoromethylvinylether. This polymer has a re-
fractive index equal to 1.35, which is very close to that of
water (1.33), thus leading to water dispersions of low turbid-
ity, which can then be well characterized using light-scatter-
ing techniques even at relatively large particle volume frac-
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Figure 2. (a) Time evolution of R, and R, during DLCA for titania aerosol (Wang and Sorensen, 1999) [R,(D), R,
(O)]; (b) ratio R,/R,, (v) for the same data as in (a); (c) time evolution of R, during RLCA for silica

aggregation in dispersion (Lin et al., 1990c).
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Figure 3. (a) and (b) Time evolution of aggregate size during DLCA for MFA latexes at ¢ = 0.02 and [Ca(NO;),]=

0.002 mol /L [R, (0)), R, (), Ry/R, (O)].

tions. The primary particles used in the experiments have an
average radius of 37.5 nm (polydispersity ~ 0.08), determined
by DLS. The original latexes are diluted to the desired parti-
cle volume fraction using milli-Q (millipore) deionized water.
The experiment has been performed using a final latex vol-
ume fraction of ¢ = 0.02, and inducing aggregation by a final
salt [Ca(NO;),] solution concentration of 0.002 mol/L. The
time required to complete the experiments was about 33 h.

The aggregating samples were prepared starting from a la-
tex obtained by diluting the original concentrated latex with
deionized water in order to obtain a particle volume fraction
of ¢ =0.04. Next, an appropriate aqueous solution of
[Ca(NO;),] was prepared, so as to reach the desired final salt
concentration after addition of the latex solution. The aggre-
gating system was prepared by pouring the latex into the salt
solution, without mechanical mixing, since shear stress affects
the aggregation process. This procedure was designed in or-
der to avoid local excess concentrations of either salt or latex.
Each solution was prepared in large amounts (200 cc) in or-
der to minimize experimental errors, and each aggregating
sample was taken from the same solution and analyzed im-
mediately after preparation. The light-scattering measure-
ments (both static and dynamic) have been taken using a BI-
200SM instrument (Brookhaven), using Argon laser (Lexel
95-2) light (wavelength A= 514.5 nm), with angular range of
the goniometer from 8° to 150°. Thanks to the low turbidity
of the solution, SLS measurements were performed directly
on the original aggregating solution. On the other hand, DLS
measurements required proper dilution of the samples in or-
der to avoid particle and aggregate interactions and to stop
the aggregation process. As mentioned earlier, these are
rather strong aggregates, so we do not expect any change in
CMD or aggregate structure upon dilution.

Results and Discussion
DLCA

In the following we first present calculations performed for
the DLCA process and compare them to the experimental

data for gold, silica, and polystyrene colloids (Lin et al.,
1990b). The time evolution of the hydrodynamic radius for an
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angle of 0° and the fractal dimension for each of the three
systems have been measured experimentally. Consequently,
the R, calculations using the DLCA kernel (Eq. 13) are free
of any fitting parameter. The results for the three different
colloids are shown in Figure 4a. The agreement between the
experimental data and the theoretical predictions for gold is
very good. In the case of silica, an overprediction and in case
of polystyrene, an underprediction is found. This discrepancy
can be for several reasons. First, for silica, Lin et al. apply a
solution with a pH above 11, where the silica particles are
actually dissolving. The rate of this process is not known, but
the thermodynamics (Sefcik and McCormick, 1997) clearly
indicates that eventually silica will completely dissolve for the
volume fraction used in these experiments. This observation
suggests that it is reasonable to choose a smaller initial parti-
cle size, while keeping the initial number of particles con-
stant, so as to take the silica dissolution into account. By di-
rectly fitting the experimental data a value for the initial ra-
dius of a="7.5 nm, compared to the reported one of a =11
nm, has been obtained (the corresponding calculated results
are shown in Figure 4a by the lower and upper broken curves,
respectively). Second, for polystyrene, the observed under-
prediction is surprising, since the aggregation rate calculated
with the DLCA kernel has to be the fastest possible. This
discrepancy may be due to small differences in the primary
particle size or in the volume fraction, maybe in the sense of
local concentration peaks due to mixing effects. In addition,
we might have the effect of hydrodynamic interaction forces,
which have been reported to change the aggregation rate in
DLCA by a factor up to 2 (Spielman, 1970). However, it has
to be noted that the slope of the R, evolution in time is
predicted correctly in all cases including the last one, thus
confirming the reliability of the DLCA-kernel given by Eq.
13. It can be shown, in fact, that this slope is not affected by
either the primary particle size or the volume fraction, ¢.
The sensitivity of the results to the DLS measurement an-
gle, indicated in the second section, is demonstrated in Fig-
ure 4b, where the experimental data taken at 42° (Lin et al.,
1990b, Figure 6), along with the previous ones extrapolated
to 0°, are compared with the model predictions. It is found
that the slopes of the corresponding R, time evolutions, ex-
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perimental and calculated, are in good agreement and de-
crease as the measurement angle increases.

Figure 5 shows the ratio R,/R, as a function of time calcu-
lated using the DLCA kernel (Eq. 13), with d, = 1.8 for vari-
ous initial conditions in terms of volume fractions, ¢, and
initial radii, R,, and for two measurement angles, that is, 0°
and 90°, as indicated in the caption of the figure. It is seen
that, as time increases, the ratio R o/ R predicted for all vol-
ume fractions, and initial radii, converges to the same value,
which depends only on the measurement angle. This shows
that the evolution of the CMD in time in the DLCA regime
exhibits scaling properties, meaning that basic parameters of
the CMD, such as the R,/R,, ratio, do not change in time, at
least after a certain transient behavior. Such invariant char-
acteristics of the CMD are attained earlier in time, the faster
the DLCA process is, that is, the larger the initial number of
primary particles is. Also the data shown in Figure 2b (Wang
and Sorensen, 1999) exhibit a constant value for the ratio of
R,/R,, again indicating scaling properties of the CMD. In
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Figure 5. Time evolution of the ratio R;/R,, for DLCA
(d; =1.8) for various initial conditions and
measurement angles calculated using the
DLCA-kernel (Eq. 13).

For the angle of 90° the lines are: (- =) ¢ = 0.01, a=5 nm,
(=) ¢=1x10"5% a=5nm, (—) ¢ =0.01, a=50 nm, (- - +)
¢=1x10"°, a=50 nm. The data at 0° for the identical
conditions collapse to the lower solid curve (—).

this case, the experimental data were obtained at angles in
the range between 20° and 50°. The value for the ratio R,/R,,
should therefore lie in between those computed for the an-
gles 0° and 90° in Figure 5, as in fact it does.

RLCA

Let us first consider the experimental conditions in the
RLCA regime adopted in getting the data for silica disper-
sions shown in Figure 2¢ (Lin et al., 1990c). In Figure 6a are
shown the R, time evolutions predicted by the different
RLCA kernels, that is, kernel (Eq. 16) (Ball et al., 1987), the
product kernel (Eq. 17), and its special case (Eq. 18), the sum
kernels (Eq. 20) and (Eq. 21). In all cases, the same stability
ratio, W=19.5x10>, and the same values for the other in-
volved parameter have been used, as summarized in Table 1,
unless specifically noted. It is seen that the different kernels
predict well-distinguishable R, time evolutions, thus confirm-
ing the strong effect of the functional form of the P,;-matrix.
This means that one could easily discriminate among these
different kernels, if an independent measurement of the sta-
bility ratio, W, was available. Although this is in principle
possible, since W refers only to primary particles, such mea-
surements are not available for the systems under considera-
tion.

Therefore, in order to compare at least qualitatively the
calculated data with the experimental values, in Figure 6b we
modified the value of the stability ratio for each kernel as
reported in Table 2 so as to obtain approximately the same
experimental value R, =100 nm as in Figure 2c after 3 h. It
appears that after this rescaling of the stability ratio, three
kernels—those given by Eqs. 16, 17, and 21—are able to re-
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Figure 6. Time evolution of R, at 0° predicted by vari-
ous RLCA-kernels.
(a) Same W = 9.5% 10° for all kernels. (b) W values adjusted
for each kernel to predict the experimental R, after 3 h (see
Figure 2c¢) as reported in Table 2. Lines: thick solid line Eq.

16, thin solid line Eq. 17, dashed-dotted Eq. 21, dashed Eq.
18, dotted Eq. 20.

Table 1. RLCA Kernel Parameters Used in All Calculations
Unless Indicated Differently

Eq. A ds Ny
16 1.0 2.12 -
17 0.5 2.12 -
18 - 212 -
21 0.5 2.12 6.1
20 - 2.12 -

produce the substantially linear growth of R, in time exhib-
ited by the experimental data in Figure 2c. Among these ker-
nels a further distinction can be made by looking at the ratio
R,/R,, shown in Figures 7a and 7b for two different angles,
90° and 0°. The values of the ratio R,/R, predicted by Eqgs.
16, 17, and 21 are initially very similar, but significant differ-
ences occur at later times. In particular, the time evolution of
the ratio R,/R,, for the kernel given by Eq. 16 is distinguish-
able from the remaining two, which are actually identical un-
til the transition from RLCA to DLCA takes place. This is
clearly due to the fact that the two kernels are identical, ex-
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Table 2. Stability Ratios Adjusted to Obtain Same R, or R,

for All Kernels
Eq. W in Figures 6b and 7 W in Figure 8
16 40%10° 7.5%10°
17 9.5x10° 1.75x107
18 2.8x10° 43x107
21 5.5%x10%* 1.1x10%*
20 9.0x10* 5.5x10°

cept that this transition is smoothened by the kernel given by
Eq. 21. The conclusion is that three kernels, that is, Egs. 16,
17, and 21, are capable of credibly reproducing the experi-
mental trends in terms of R, (Lin et al., 1990c). Most likely a
distinction among these three kernels could be made if data
also on the R, time evolution were available.

The examination of the five RLCA kernels in the case of
the MFA latexes aggregation is shown in Figure 8§, where the
time evolution of R, and of the ratio R,/R, predicted by
each of these kernels, is shown for the experimental system
described in the context of Figures 3a and 3b. The stability
ratio, W, has been adjusted for each kernel in order to ap-

T (a) ;o

5 6

- 3
time/h
Figure 7. Time evolution of the ratio R, /R, for the same

conditions as in Figure 6b.

(a) R;, at angle 90°. (b) R, at angle 0°. Lines: thick solid line
Eq. 16, thin solid line Eq. 17, dashed-dotted Eq. 21, dashed
Eq. 18, dotted Eq. 20.
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Figure 8. (a) Time evolution of R, and (b) the ratio R,/
R, for R, at 90°, predicted by various RLCA
kernels.

W values adjusted for each kernel to predict the experimen-
tal R, at 1,000 min (see Figures 13a and 13b) as reported in
Table 2. Lines: thick solid line Eq. 16, thin solid line Eq. 17,
dashed-dotted Eq. 21, dashed Eq. 18, dotted Eq. 20.

2000

proximately reproduce the R, values observed experimen-
tally in Figures 3a and 3b after 1,000 min (R, = 300 nm). The
obtained values of W are reported in Table 2.

In Figure 8 it is seen that four kernels—Egs. 16, 17, 21,
and 18—exhibit a similar R, evolution in time. The addi-
tional examination of the ratio R,/R), reveals a distinctly dif-
ferent behavior of the kernel given by Eq. 18. However, it
also appears that none of these kernels seems capable of re-
producing the behavior of the experimental data exactly.

Figure 9 shows, for the same conditions considered in Fig-
ure 8, the values of the ratio R,/Rj,, with R, computed at 0°,
as a function of time. It is seen that the obtained time evolu-
tion is distinctly different from the one at 90° shown in Fig-
ure 8b. The results for an angle of 0° can be compared quali-
tatively to experimental data reported on silica aggregation in
the RLCA regime (Wiltzius, 1987; Pusey et al., 1987), where
the R, and R, time evolution extrapolated to an angle of 0°
were measured and a value of R,/R;, =1.39 was obtained.
When considering that the experimental system is different,
we can conclude that this value is in reasonable agreement
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Figure 9. Time evolution of the ratio R, /R,, with R, at
0°.
Same conditions as in Figure 8. Lines: thick solid line Eq.

16, thin solid line Eq. 17, dashed-dotted Eq. 21, dashed Eq.
18, dotted Eq. 20.

with the calculations shown in Figure 9 for at least four ker-
nels.

The conclusion of this analysis is that in order to discrimi-
nate among the different RLCA kernels it would be conve-
nient to use experimental values of not only one average size,
but of two or more of them, such as R, and R,. Here it is
worth pointing out that data on R, at different scattering
angles also contribute to better discrimination among the
kernels, since they actually correspond to different averages
of the CMD. Based on the currently available experimental
data, the best qualitative reproduction of the data is given by
the kernels given by Eqgs. 16, 17, and 21, although a satisfac-
tory agreement could not be achieved for all the systems con-
sidered. For the latter two, a significant improvement can be
expected by operating on the additional adjustable parame-
ter, A, as discussed in the next section.

Influence of A and d; on the ratio R,/R,,

In this section only the kernel given by Eq. 21 has been
considered, since the one given by Eq. 17 gives substantially
the same results, except for small deviations in the neighbor-
hood of the transition from RLCA to DLCA. The effect of
the parameter A on the qualitative behavior of the values of
R, and of the ratio R,/R,, as a function of time is demon-
strated in Figures 10a and 10b. As pointed out in the third
section when introducing the kernels, there is no general
agreement about the value A should take. Actually, there is
no well-developed physical model behind the product kernel
that can provide a solid foundation for its evaluation, and,
therefore, we have to regard it at the moment as an ad-
justable parameter. In this context we note that the results
shown in Figures 10a and 10b indicate that A can have pro-
found effects on the evolution of the CMD. In particular, in
Figure 10a, following the arrow and considering the structure
of the kernel given by Eq. 21, we see that at short times R,
increases as W decreases, thus overtaking the effect of A that
decreases; on the other hand, at later times, R, decreases as
A decreases, although W increases. This demonstrates that
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Figure 10. Influence of W and A on the time evolution

of (a) R, and (b) R,/ Ry, according to kernel

(Eqg. 21) with all other parameters fixed.

Parameter combinations in direction of arrows: W = 5.5 X
10° and A=0.5; W=1.6x10° and A=0.3; W =7.5%x10°
and A =0.2; W=3.25%x10and A =0.1; W =2.1x 10> and
A=0.05; W=15x10°and A=0.01.

W governs the initial aggregation rate, where the interactions
between primary particles dominate. The exponent A, how-
ever, governs the later stages of aggregation, when larger
clusters are present and describes how the reactivity of the
aggregates changes with the aggregate size.

Another parameter that has to be taken into consideration
when trying to obtain kinetic information from the time evo-
lution of R, and R, is the fractal dimension appearing in
Egs. 10 and 11. In order to illustrate the effect of this param-
eter, Figure 11 shows the calculated values of the ratio R,/R,,
as a function of time using the kernel given by Eq. 21 for
various values of the fractal dimension, ranging from d, = 2.0
to 2.2. This range is representative of the RLCA regime, with
the lower limit crossing over to DLCA. Note that the effect
of the fractal dimension is both on the expression of the ker-
nel given by Eq. 21 as well as on the evaluation of R, and R,
from the CMD through Egs. 10 and 11. In principle, this pa-
rameter should, and to a certain extent can, be estimated
experimentally independently of the CMD. This would allow
the number of adjustable parameters to decrease and, there-
fore, to attain a more physically sound interpretation of the
CMD data. However, the estimation of the fractal dimension
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Figure 11. Influence of d; on the R, /R,, time evolution

according to kernel (Eq. 21) with all other

parameters fixed.

W =155x10° A=0.5. The changes in fractal dimension
in the direction of arrow: df =2.0; df: 2.05; df: 2.1; df
=215d;=22.

from aggregates and gels is still an area of active research
(Lattuada et al., 2001; Lach-Hab et al., 1998).

Conclusions

In this work we assess the validity of modeling the aggrega-
tion kinetics of colloidal systems in quiescent liquids using
population-balance equations and appropriate kernels. For
this, several typical sets of experimental data, developed by
us and taken from the literature, have been considered. Since
the early stages of the aggregation process in colloid systems
occur in the submicron range, the measurement technique of
choice is light scattering. From light-scattering measure-
ments, two quantities are obtained as measures of aggregate
size, namely, the radius of gyration and the hydrodynamic
radius, where the latter further depends on the adopted scat-
tering angle. Each of these quantities provides independent
information on the CMD, and, therefore, combining them
provides a significant test for the reliability of the simulation
models. In order to perform such tests, we report appropri-
ate equations for calculating the hydrodynamic radius and the
radius of gyration from a given CMD.

Although the available experimental information is some-
how limited, it is confirmed once again that in the DLCA
regime the kernel given by Eq. 13 is sufficiently reliable, while
for the RLCA regime the problem remains open. However,
we conclude that only the product kernels (Egs. 17 or 21),
and within the limitation of having no free parameter, the
kernel given by Eq. 16, are capable of reproducing at least
qualitatively the observed experimental data, provided that
some tuning is accepted on the exponent A, and possibly on
the fractal dimension, d e

It was demonstrated that a more definite conclusion about
the reliability of this kernel can be achieved if more specific
experimental measurements are available. These include, on
one side, more detailed information on the shape of the CMD,
which could be obtained through measurements of the ratio
R,/R,, using various scattering angles for R,. On the other
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side, one could measure independently the stability ratio, W,
which in the context of these kernels relates only to primary
particles and, although experimentally more demanding, the
fractal dimension of the aggregates, d,.

In summary, a procedure was developed that allows more
rigorous discrimination among aggregation kernels, providing
valuable information about kernel expressions appropriate for
various processing conditions. The concept has been demon-
strated on stagnant systems, although it can easily be applied
to aggregation under shear or turbulence.
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Notation

a =primary particle radius
B;; =matrix of mobility and collision radii
d; =fractal scaling exponent (fractal dimension)
D =diffusion coefficient
F =geometric grid factor
fi(m,t) =first-order density function
f>(m,m’ t) =second-order density function
G(r) =hydrodynamic interaction function between particles
g,h = assigning fractions in KR method
i,j,k =m;/m,, dimensionless aggregate mass and index
K,K;; =full matrix of aggregation kernel
kg,k), =prefactors in the fractal scaling relation Eq. 3
K =thermal energy of aggregation (Eq. 12)
kz =Boltzmann constant
M =number of discretized grid points
m; =mass of aggregate counting i primary particles
N; =number of aggregates of mass i
N, =initial number of primary particles
91, =number of collisions per encounter [kernel (Eq. 21)]
n =refractive index
P;; =matrix for aggregate reactivity
P(qS = primary particle form factor
q =scattering wave vector
R, =hydrodynamic radius
R, =radius of gyration
r =center—center distance between particles
S(¢),S,(q) =structure factor of population of aggregates or in-
dividual aggregate
s =interaggregate distance in kernel (Eq. 20)
t =time
T =temperature
V' =particle interaction potential
W =stability ratio of primary particles
W;; = concept of stability ratio of clusters

Greek letters

B =ratio between hydrodynamic radius and radius of gy-
ration

A =interval width

7 =dynamic viscosity

6 =scattering angle

A =reactivity exponent in aggregation kernel

A =wavelength of light

¢ =initial volume fraction of particles
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